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A 7> SINGLETON WITH NO SHARP
IN A GENERIC EXTENSION OF L*

BY
RENE DAVID

ABSTRACT

We may add to the minimal model with all the sharps for reals a c.c.c. generic
A} real with no sharp.

In this paper we show that if we assume the consistency of the theory:
ZF + Vx(x C w — x” exists) there is a model of this theory and a c.c.c. generic
extension N of it, in which there is a ; real singleton a such that each element
of N is constructible from a and so that a* does not exist in N.

We obtain the first model M by considering in some model of ZF”* (we note
ZF” the theory: ZF+ Vx(x C w — x” exists)) the collection L* constructed by
saturating L by the sharp operation on the reals.

Our proof then uses the methods developed in [1], [3], [4] for constructing a 7
singleton with good properties.

Before giving our main result, let us give a precise definition of the collec-
tion L”.

ProposITiON I-1. Let M be a model of ZF*. There exist an ordinal ¢ and a
family (a.,0.).< unique such that:

(1) foralain¢: 6. Cw, 0, Cw.a;

Q) forall ain ¢: if a = Uaq, 0, = U;-.0,,

' ifa=B+1,0,=0U{w.B+n/n€Ea}};

(3) for all « in ¢: a is countable in L(0,) and a, is the first real x, in the
canonical order of L(0,), such that L(x)= L(0.).

(4) & is not countable in L(U,.0,).

Proor. Properties (1), (2), (3) define a. and 0. by induction. ¢ is the first
ordinal a such that « is not countable in L(0.).
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DeriNiTION 1-2.  Let M be a model of ZF* and A = U, _0.. The collection
L” is defined by the formula: x EL* e x € L(A).

Our main theorem 1s now

THEOREM 1. There is a w5 formula ¢(x), where x is real, such that the
following are provable in ZF:

(1) v=L"->"3x¢(x).

(2) N, =N"—> 3% x o (x).

(3) If ZF” is consistent, then so is

ZFC+GCH+N, =N+ 3a (¢(a) & V = L(a) = L*(a)).

REeMARKS. (1) This theorem shows that the following result, due to R. Jensen,
is in some sense the best possible:

If N is an extension of L™ which satisfies: Vx(x C w — x™ exists)+ —0' +
L* =K (where K is the core model of Dodd-Jensen), then L* is X} absolute
in N.

The model which will prove part (3) of the theorem gives a counterexample:

N satisfies 3x (¢(x) & x™ does not exist) whereas M = (L™*)" satisfies
= 3xe(x).

(2) At the end of this paper we give a sketch of the proof of a theorem which
shows that we may add a =} real singleton generically to L * and preserve the
sharp property for all the reals. The proof is very near that of [2].

I. Some properties of L”*

ProposITION I-3.  The collection L™ satisfies:
(1) ZFC+ GCH+3X CN,, V = L(X),

(@) Vx(x Cow—x™* exists)+ V = L*,

B) Vx(x Cw—3Fa <Ny, x € L(a,)).

Proor. It is clear that the ordinal ¢ defined in Proposition I-1 is such that
& =NI". (1) follows. (2) and (3) follow from the following lemma and the fact
that 0, = A Nw-a and L(0,) = L(a,).

LemmA [-4. If a and b are reals, a™ exists and b is constructible from a, then
b” exists.

ProrosiTioN I-5. In every model of ZF+ V = L™ there exists a A} well-
ordering of R.

Proor. Let ¢(x,y) be the formula:
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x,y Cw and 3a <N, [x EL(a,) and VB < a x & L(as) and
((AB<a y € L(ag)) or (y € L(a.) and y is before x
in the canonical well-ordeirng of L(a.)))].

¢ clearly defines a well-ordering of R N L".

It is easily seen that “x = a,” is a 37 formula, and so ¢ is equivalent to a 3;
formula. We have to remove one quantifier.

Let ¢(x,y) be the formula:

Ja, B <N, (L.(as)FZFC™ & x,y € L.(ag)
& L.(ag)F o (x,y)).

¥ is equivalent to a 33 formula. The fact that ¢ and ¢ are equivalent follows
from Lemma I-6:

LeMMA 1-6. If L.(a”)EZFC™ then «a is inaccessible in L(a) and so R N
L(a)CL.(a®).

II. A c.c.c. generic extension of a model of V = L” which is not closed under
the sharp operation

ProrosiTioN II-1. Let M be a model of ZF+ V = L”. There is a unique
sequence of reals (rz)s<wn, such that:

Va <N VB(w.a =B <w.(a+1)-—>r is the first real in the

canonical order of L(0.) which is not in the set {r, ,y < B}.

Proor. The sequence is defined by induction. Since for each a in Ny, « is
countable in L(0,), we only have to see that for all @ in N, the sequence
(ra)p<w-@+n 18 in L(0.), but this is also done by induction.

DermniTioN 11-2. Let M be a model of ZF+ V =L* and A = U, ., 0.. We
define the set P, of forcing conditions by:

sEP,es =(s(0),s(1) € Pw)X Py(A)
(where P{X) = {x C X/x is finite}),
ssEs'os(i)Ds'(i),i=0,1&Va €s'(1) S(r.) N s(0)C s'(0)

(where S(x)={x [ n/n € w}).

ProrosiTioN I1-3. (1) P, satisfies the N, chain condition.
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(@) If G is a M generic over P, and g ={n/3s € G, n € 5(0)} then M(G) =
M(g) and Va <N, (a € A & S(r.)N g is finite).
Proor. See [1].
ProposiTiON I[-4. Va <N, 0, € L(g).

Proor. By induction.

a = 0: trivial.

a =f+1: by induction 0, EL(g) but Vy <w.a (y €0, <>S(r,)Ng is
finite) and (r,),<..« € L(03); so 0. € L(g).

a = Ua: by induction VB8 < &, 0, € L(g). Since 0, = U;<.0, we only have
to see that the sequence (0g)a<. is an element of L(g); this is because L(g)
satisfies: V8 < a, 0, exists, and absoluteness of the construction of (0g)s<a.

COROLLARY. M((g) satisfies: V = L(g)= L*(g) and g” does not exist.

ProposiTiON 11-5. There is a S7° formula 6(x, a, y) such that if M is a model
of ZF+ V =L" and g is a M generic over P, then M(g) satisfies:

VYo <N, Vx(x =0, 0(x,a,8)).
ProoF. It is easy to find a i formula E(x,a,y) such that:
ZF+Vy C ORD(Vx,a(E(x,a,y) > x Cw & a <N[) &
Vx(x Cw & x EL(y)—»>3e¢E(x,a,y)) &
Va <NIO(3xE(x, e, y) & x € L{y)).

(E gives a uniform enumeration of the reals in L(y).)
We define 6 by:

a < N, and 3f, g functions with domain « + 1 for f and w.(« + 1) for g

such that x = f(a) and

ve=a(s=Up~f@)= U f()
v<8
and

VB<aVy<w.(B+13Iz[z=g(y) &
(y Ef(B+1)eS{(z)Ny is finite) &
INE@ L f(B) &

Vu <A 3n <yE(gM), 1 f(B)))]
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It is clear that @ is a 7F formula. In this formula f(B8)is 05 and g(y)is r,. 8 has
the good properties because of Proposition II-3.

CorOLLARY 1I-6. In M(g) the formula “x € RNL™*" is equivalent to a
37(x, g) formula.

xERNL*oxCw & Ja,B <Ny, x €EL,(05).

III. Proof of Theorem I

Let M be a model of ZF + V = L”. Following the construction in [3] we show
that there is a sequence (T, fu, 7» Jne. such that:

(1) Vn T, is a normal tree of length Ny;

@yvVnzlf.:T.—> T, and

Vx €T, |f.(x)|=|x|+1(]]is the length function in a tree);

for each N,-branch 8 in T,.-,, {x € T,
N, in T,;

B)VneEwr,:T,— w and

Vx,y ET.(x =1,y = 7. (x) = 1.(y) > m(fu (%))

VyVm(yET,.. & |y|[=0& mEw & m>71,(y)>3Ix €T, ([x]=0 &
(x)=m & f.(x)>1,_,y))

(4) if N is an extension of M which preserves N,, then there is for each n at

fa(x) € B} is a normat subtree of length

most one branch of length N8, in T,;
(5) let P,={p|domp=n & Vi<n p(i)ET. & Vi<n-1 p(i)z
firlp(i + 1))}

the order on P, is
p=q<domp Ddomgq & Vi Edomgq p(i)=+4q(i).
Then P, satisfies the N, chain condition.

Proor. The construction follows that of [3]. At limit level it is as follows:
Let h :8,— N, be the function defined by:

h () is the first ordinal 8 such that « is countable in L (0,).

(We know that Va h(a)=a.)
T.lw.a + 1 is constructed by induction on n.
n =0: Let 8 = h(a) and 7, .. be the first ordinal n such that:

Tl w.a € L, (0p),

L,(0z)=ZFC™ & « is countable.
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Tolw - a + 1 is constructed by taking a L., (0s) generic over the same set of
forcing conditions as in [3]; this generic is in L(0;).

n+1: The construction is the same but %,.,, i1s the first n such that
T.lw-a+l, T,nwleo-a€L,(0) and L, (0:)EZFC™ & « is countable.

To see that this construction is possible we have to show by induction that:

Vn cw Va <~| T,. fa)a (&S L(Oh(a)).
The proof for n + 1 is the same as that of n = 0. We prove by induction that
Tor w.ax & L(Oh(a)),

a=vy+1: Let B=h{y)=h(a). Tolw.yEL0s) and so Tlw.yvy+1€&
L(0,) but the construction for successor case is trivial so Tol w.a € L(0p).

a=Ua: Tlw.a=U,.Tlo.y but Vy<a h(y)=h(a) and
Tol @.y € L(04,), the construction being absolute, we have (Tol w.v),<a €
L(Ony) and so Tol w.a € L(0hy).
The properties (1), (2), (3), (4) are proved just as in [3].

Let us now show that P, satisfies the N, chain condition.

We show as in [3] that for each n € o T} is a Souslin tree in M,. This is done
by induction.

Let T be T%., and B CN, be a code for the branch in T such that M,., is
L(A, B). (Recall that A = U,.,0,.)

Let C C T be a maximal antichain. We have to show that C is countable in
M,.... Let X be a countable elementary substructure of L,.(A, B) such that A, B,
C, T are in X. There is a unique isomorphism =

X —Li(ANa, BNa), wherea=8NX=mN)<N,.

We may suppose that h(a)= a (since we may suppose that for y in 8, N X,
NI also is in X).

It is then sufficient to prove, as in [3], that
Lﬁ (A Na, BN a) c anx.a(oh(a))

but: A Na =0, (since w.a =a); h(a)=a; BNael,  (0.)(since by the
construction of T, T, |w-a +1isin L, .(0.)); a is not countable in L (0.)
and 50 B < 7,..1... So we are done, and the existence of the sequence (T, f., 7.) is
proved.

DEeriniTioN [II-1.  We define the ordered set of conditions P by:
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gEPoq=(sp)&seEP, &peEP. &s(0)=71(p)
(where 7(p) = {r.(p(1))| i € dom p}),

(s,p)=(s,pes=s"&p=p'.

ProrosiTioN III-2. P satisfies the N, chain condition.

Proor. We first show that if q =(s,p), ¢'=(s',p’) and ¢q,q'E P and
T(p)= v(p’) then q and q’ are compatible if and only if p and p' are compatible.
Let p.=p, p'; we may suppose that 7(p))=r(p)Ur(p’); then g, =(si,p1)
extends both ¢ and g’, where s, is defined by: 5,(0) = 5(0) = s'(0) and s,(1) =
s(1)Us'(1).

Suppose then that (g, ).<x, is an antichain in P. Since for each a 7(p.) is a finite
subset of w we may suppose that there is a finite subset x of @ such that for all «
7(p.) = 5, (0) = x ; but then for all @, B 5, and sz are compatible and s0 (Pa )a<x, is
an antichain in P, and this is impossible.

ProrosiTioN 1II-3. Let G be a M generic over P and g ={n€w lElq =
(s,p)E G, n€s(0)=o(p)}. Then M(G)= M(g) and M(g) satisfies:

Va <N,0.€L(g)& 00, , g).
Proor. As in Propositions II-3 and I1-4.
The following lemma is well known.

Lemma III-4. Let ¢ (x) be a formula where x is a real. ¢ is equivalent to a m:
formula if and only if there is a m7" formula  such that:

Vx(e(x) > HuF ¢(x))
(where Hy, is the set of the hereditary countable sets).

It is then enough to find a #{" formula which satisfies the conditions of the
theorem.

Let us now modify — just a little — the definition of the sequence (@a, 0 )a<¢
in Proposition I-1. We had written: “a,. is the first real x such that L(x)=
L(0,)” but this is a %3* formula and it is too much.

Lemma III-5. There is a X7 formula H(x,y, @) such that:
ZFtVy,a(yCa & a <N/ —>3x H(x,y,a)) &

Vx(H(x,y,a)—>L(x)=L(y) & x Cw).
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ProoF. H says: x, is the first real in the order of L (y) which codes a and f is
an isomorphism from x, onto @ and ¥n(n € x, < f(n)Ey) and x = (xo, X)).

Dermnition III-6.  We modify Proposition I-1 by: **- - - a, is the unique real x
such that H(x,0,,w - a). --".

It is clear that it does not modify L* and the propositions proved for L *, since
we have only used the fact that L(a.)= L(0.).
We now give the 77" formula for the theorem. ¢ will be a formula “¢, & ¢,”.

DermnvimioN.  Let ¢4(x) be the formula:

xCow& Va <N([Vy,z, bt u(0(z,a +1,x) &

0(y,a,x) & H(t,y,w.a)) &

VhneEwh€Cuow. a+n€z)>u=t"1&

[@ =Ua—-VYy@(y,ax)—>(VzEyIAB <a Vi(8(t,B,x)>z E 1)

& VB<aVLz(0(B,x)&zEt—>2zEY)N).

Lemma 1II-7. (1) ¢, is a 7% formula.
(2) M(g) satisfies: ¢(g) & Vx(pi(x)>Vy Va <N (6(y,a,x)—>y =0,)).

ProoF. (1) The formulas @ <N,, § and H are 37, the formula “u =t"" is
ZF
m .

(2) The proof is done by induction and is clear from the lemmas before.

DEerFINITION.  Let ¢,(x) be the formula: Va <R, VTVf(T =, e, Thla+1)
where T.la +1 is the tree constructed (in §III) in L(y) with y such that
0(y, e, x) and f = (fa)ne. Where the f, are the associated functions =3p €T
Vn € w(|p.

= fari(U)=1,p0)).

= akp.Z7s, the n-th element of x&Vu(u<y, pne:

Lemma 1I-8. (1) ¢, is a w7° formula.
(2) M(g) satisfies: ¢a(g) & lx(ei(x) & @ox)).

Proor. (1) The proof is the same as in [3]. It is enough to see that
“T=TheTila+17 and “f = (fu)ae.”” are 377 formulas. It is because the
construction is done by a A?¥ induction in Ly (y) with the y such that 8(y, a, x).

(2) Remark that if ¢,(x) is true then the sequence (T ).c. is exactly the good
sequence (T.).e. (because of Lemma III-7). Now see the proof in [3].
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Lemma III-9. The formula ¢(x): ¢\(x) & ¢xx) satisfies the properties of
Theorem 1.

The proof is now complete.

IV. Wenow give a sketch of the proof of the following theorem which gives a
similar property for L* of the one given in [2] for L.

Tueorem I1.  There is a w1 formula ¢(x) such that if ZF” is consistent then so
is: ZF*+GCH +N8,=N"+3xy(x)+JaCo @€&L” & ¢a) &
V = L*(a)).

Proor. Let M be a model of ZF+ V = L".

We define in M, as in [2], a family (P, ).<x, of ordered sets of conditions and
P = UP,. The only difference with [2] is that P,., is constructed by forcing with
the same set of conditions but over L(0,) instead of some L,; we may take the
generic in L{0,..).

It is easily seen that for all « in Ny, P, is in L(0.).

The following lemmas will establish the theorem. The proofs are the same as
in [2]; we only have to put L(0.) instead of L,

Lemma IV-1. (1) P" satisfies the R, chain condition.
(2) If a and b are P generic over M and a # b then (a, b) is P* generic over M.
(3) If a is P generic over M then a is P, generic over L(0,) for all a <N,.

LemMMmA IV-2. Let N be an extension of M ; the set A ={a C w I a is P generic
over L*} is w} in N.

Proor. The formula “x € L™ is 3Z°. There is a 35F formula which defines a
well ordering relation on L*. We conclude with the same argument as in [2].

Lemma IV-3. Let g be a P generic over M. Then M(g) satisfies ZF”.

Proor. Let x C w bein M(g). Since M satisfies ZF+ V = L* there is a in N,
such that: x EL(A Nw.a,g) = L(a., g). g is generic over L(a.) (by Lemma
IV-1) and M(g) satisfies: aX exists (it is a..1); so it also satisfies (a., g)* exists;
and we conclude by Lemma I-4.
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