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1 A 7r2 S I N G L E T O N  WITH N O  S H A R P  
IN A G E N E R I C  E X T E N S I O N  OF L 

BY 

RENI~ DAVID 

ABSTRACT 

We may add to the minimal model with all the sharps for reals a c.c.c, generic 
A) real with n o  sharp. 

In this paper we show that if we assume the consistency of the theory: 

Z F +  V x ( x  C to---* x # exists) there is a model of this theory and a c.c.c, generic 

extension N of it, in which there is a 7r~ real singleton a such that each element 

of N is constructible from a and so that a s does not exist in N. 

We obtain the first model M by considering in some model of ZF '~ (we note 

ZF # the theory: Z F +  V x ( x  C to--) x # exists)) the collection L "  constructed by 

saturating L by the sharp operation on the reals. 

Our proof then uses the methods developed in [1], [3], [4] for constructing a 7r~ 

singleton with good properties. 

Before giving our main result, let us give a precise definition of the collec- 

tion L #. 

PROPOSITION I--1. Let M be a model of  ZF "~. There exist an ordinal ~ and a 

family (a~,0~),,<~ unique such that: 

(1) for allot in ~ : a~ C to, O~ C to .a  ; 

(2) for all ~ in ~: if a = U s ,  0,~ = Ut3<,0t3, 

if a =/3 + 1, 0~ = 0 0 to{to./3 + n/n  ~ as},  

(3) for all ot in ~: ot is countable in L(O~) and a~ is the first real x, in the 

canonical order of L(0,,), such that L ( x )  = L(O~). 

(4) ~ is not countable in L([,.J,,<~0,,). 

PROOF. Properties (1), (2), (3) define a,, and 0,, by induction, ~ is the first 

ordinal a such that a is not countable in L(0,,). 

Received October 26, •977 and in revised form July 4, 1978 

343 



344 R. DAVID Israel J. Math. 

DEFINITION I--2. Let  M be a mode l  of Z F "  and A = U~<¢0, .  T h e  collection 

L "  is def ined by the formula :  x E L~'~-~x E L ( A ) .  

O u r  main t h e o r e m  is now 

THEOREM I. There is a 7r~ formula ~0(x), where x is real, such that the 

following are provable in ZF:  

(1) V =  L " ~  m 3 x ~ o ( x ) .  
L ~, (2) N , = N ,  ---~3~'x~o(x). 

(3) I f  Z F "  is consistent, then so is 

Z F C  + G C H  + N, = N~" + 3 a  (~o ( a )  & V = L ( a )  = L ' ( a ) ) .  

REMARKS. (1) This  t h e o r e m  shows that  the following result, due  to R. Jensen ,  

is in some  sense the best  possible:  

If N is an extension of L "  which satisfies: Vx (x C 02 ~ x " exists) + ---1 0 t + 

L " = K (where  K is the core model  of  D o d d - J e n s e n ) ,  then L '~ is ~ '  3 abso lu te  

in N. 

T h e  mode l  which will p rove  par t  (3) of the  t h e o r e m  gives a coun te rexample :  

N satisfies :Ix (~0(x) & x "  does  not exist) whereas  M = ( L " )  ~' satisfies 

-~ 3 x  ,p (x ). 

(2) At  the end  of this p a p e r  we give a sketch of the  p roof  of  a t h e o r e m  which 

shows that  we may  add a ~3 ~ real s ingleton generical ly to L " and p rese rve  the 

sharp  p rope r ty  for  all the reals. T h e  p roof  is very nea r  that  of  [2]. 

I. S o m e  propert ies  of L"  

PROPOSITION 1-3. The collection L "  satisfies : 

(1) Z F C +  G C H +  : IX  C N~, V = L ( X ) ,  

(2) V x ( x  C 02--~ x ~ exists)+ V = L ~', 

(3) V x ( x  C 02-~ 3or < N , ,  x E L ( a s ) ) .  

PROOF. It is c lear  that  the ordinal  ~ def ined in Propos i t ion  I -1  is such that  
L ~ ~: = N, . (1) follows. (2) and (3) fol low f rom the following l e m m a  and the  fact 

that  0o = A 19 02 • a and L (0,,) = L (a~). 

LEMMA I-4.  I f  a and b are reals, a"  exists and b is constructible from a, then 

b ~' exists. 

PROPOSITION 1--5. In every model of Z F  + V = L ~ there exists a A~ well- 

ordering of R. 

PROOF. Let  ~0(x,y) be  the formula :  
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x, y C to and  =la < S, [x E L(a~) and V/3 < ct x ~ L(a#) and 

((3/3 < a y ~ L(a#)) or  (y ~ L(a~) and y is be fore  x 

in the canonical  wel l -ordei rng of L (a , ) ) ) ] .  

~0 clearly defines a wel l -order ing of R n L ' .  

It is easily seen that  " x  = a , "  is a ~zv formula ,  and so ~0 is equivalent  to a E] 

formula .  W e  have  to r e m o v e  one  quantif ier .  

Let  ~O(x, y )  be  the formula :  

::la,/3 < N ,  ( L , , ( a o ) ~  Z F C -  & x , y  EL, , (ao)  

& Lo(a,)  y)). 

qs is equivalent  to a I£ I 3 formula .  T h e  fact that  ~0 and qJ are  equiva len t  follows 

f rom L e m m a  1-6: 

LEMMA I--6. If La (a " )~  Z F C -  then a is inaccessible in L (a) and so R n 

L (a) C La (a "). 

II. A c.c.c, generic extension of a model of V = L" which is not closed under 

the sharp operation 

PROPOSITION I I -1 .  Let M be a model of Z F +  V = L ' .  There is a unique 

sequence of reals (ru)~<,, such that: 

V a  < 1~I~ V/3(to. a =</3 < to. (or + 1)---~ r e is the first real in the 

canonical order of L(0a )  which is not in the set {r~ I Y </3})- 

PROOF. T h e  sequence  is def ined by induction.  Since for  each a in NI, a is 

coun tab le  in L(0,,) ,  we only have  to see that  for  all a in ~1 the sequence  

(r~)t3<~ ~.~) is in L(0a) ,  but this is also done  by induction.  

DEFINITION I I -2 .  Let  M be  a mode l  of  Z F +  V = L " and A = U.<, , ,0~ .  We 

define the set P~ of forcing condi t ions  by: 

s E PI "~" s = (s(0), s(1)) E Pf(to) x Pf(A ) 

(where  Pf(X)  = {x C X / x  is finite}), 

s <-_ s'~--~ s(i)  D s'(i), i = 0, 1 & V a  E s ' (1)  S(r~) N s (0)C s ' (0)  

(where  S(x)  = {x r n/n E to}). 

PROPOSITION 1I-3. (1) P, satisfies the 1,Ii chain condition. 



346 R. DAVID Israel J. Math. 

(2) I f  G is a M generic over P, and g = { n / 3 s  E G, n E s(0)} then M ( G )  = 

M ( g )  and Va <t,l, (a C A ~--~ S(r . ) f~  g is finite). 

PROOF. See [1]. 

PROPOSmON II-4. Vo~ < N~, 0o E L(g) .  

PROOF. By induction. 

a = 0: trivial. 

a = f l + l :  by induction O o E L ( g )  but g y < c a . a  ( y E O ~ - - > S ( r , ) N g  is 

finite) and (r,) ,  . . . .  E L(0o); so 0~ E L(g) .  

a = I,.Ja : by induction Vet < a, Oo E L(g) .  Since 0~ = t,.Jo<~0o we only have 

to see that the sequence (0~)~<, is an element of L(g) ;  this is because L ( g )  

satisfies: V/3 < a, 0o exists, and absoluteness of the construction of (0~)~<~. 

COROLLARY. M(g)  satisfies: V = L ( g )  = L " ( g )  and g"  does not exist. 

PROPOSmON II-5. There is a E zr formula O(x, a, y) such that i f M  is a model 

of Z F +  V = L " and g is a M generic over P~ then M ( g )  satisfies: 

Va <1~,, Vx(x =0~ ~O(x,a,g)). 

PROOF. It is easy to find a E zF formula E ( x , a , y )  such that: 

Z F F V y  C O R D ( V x ,  a ( E ( x , a , y ) - - ~  x C to & a < ~ ( ' ) )  & 

V x ( x  C ca & x E L(y)--* 3!orE(x, a, y)) & 

Va < l~Y~(3 !xE(x ,  ~, y)  & x E L(y)) .  

(E gives a uniform enumeration of the reals in L(y) , )  

We define 0 by: 

a < 1~ and =l f, g functions with domain a + 1 for f and ca. (a + 1) for g 

such that x = f ( a )  and 

Vfl --<a ( / 3=  Ufl--->f(/3)= U f(3~)) 
\ / 

and 

v13 < a v ~  < ca. (/3 + 1 ) 3 z  [z  = g ( ~ )  & 

(Y El ( /3  + l)~-->S(z)l'l y is finite) & 

3A(E(z, A, f(t3)) 

Vtz < A B~? < 3,E(g(rl),tz, f([3)))]. 
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It is clear that 0 is a X zv formula. In this formula f(/3) is 0o and g (y )  is r,. 0 has 

the good properties because of Proposition 1I-3. 

COROLLARY II--6. In M(g) the formula "x  ~ R n L * "  is equivalent to a 
EZr(x, g) formula. 

x E R n L * * - ~ x C t o &  3a,/3 < 1~,, x E L. (00). 

III. P r o o f  of  T h e o r e m  I 

Let M be a model of Z F +  V = L*.  Following the construction in [3] we show 

that there is a sequence (T.,f,, ~-.).~. such that: 

(1) Vn T. is a normal tree of length ~tl; 

(2) Vn => 1 f.  : 7". --* T.-z and 

Vx E 7". I.f.(x)l = I x l + l  (1"1 is the length function in a tree); 

for each l, ll-branch/3 in T ._ ,  {x E 7'. If. (x) E/3} is a normal subtree of length 

~ in T.;  

(3) V n E w r . : T . - - * w  and 

Vx, y ~ T.(x =<T.y ~ r . ( x )  = r.  (y) > r._,(f.(x))).  

Vy Vm(y E T._, & [ y [ = 0  & m C to & m >~'._,(y)--*:qx E T, ([x[=O & 

r . ( x ) =  m & f . ( x ) > r . _ , y ) ) ;  

(4) if N is an extension of M which preserves N~, then there is for each n at 

most one branch of length I,l, in 7".; 

(5) let P 2 = { p l d o m p = n  & V i < n  p( i )~Yi & V i < n - 1  p(i)_~ 

~.,(p(i  + 1))}; 
the order  on P2 is 

p _-<q,~-~domp D domq & Vi E d o m q  p(i)>=T,q(i). 

Then P2 satisfies the 1,l~ chain condition. 

PROOF. The construction follows that of [3]. At limit level it is as follows: 

Let h :Nt--~I',L be the function defined by: 

h (a)  is the first ordinal/3 such that a is countable in L (00). 

(We know that Va h (a)_<-a.) 

T. [ to. a + 1 is constructed by induction on n. 

n = O: Let /3 = h(a)  and r/o.~, be the first ordinal r/ such that: 

Tor to.a E L.(O~), 

L, (0~) ~= ZFC-  & a is countable. 
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To T to "~ + 1 is cons t ruc ted  by taking a L~o..(0~) generic over  the same set of 

forcing condit ions as in [3]; this generic is in L(0a) .  

n + 1: The  construct ion is the same but rl.+~.~ is the first r/ such that 

T. [ to • a + 1, T..~ I to • a E L .  (0~) and L~ (0~)1 = Z F C -  & a is countable .  

To  see that this construct ion is possible we have to show by induction that:  

Vn ~ to Va  < I~1, 7". r to. a E L(0h~) .  

The  proof  for n + 1 is the same as that of n = 0. We prove by induction that 

Tot to. tx E L(0h(~>). 

a = ' y + l :  Let  /3=h("/)=h(a). Tolto.7~L(O~) and so T o l t o . 7 + l E  

L(0~) but the construct ion for successor case is trivial so Tolto.  a E L(0~). 

a = U a :  Tolto.a = U~<~Tol to .  3' but  V 7 < a  h('r)<-h(ot) and 

Tot to. 3, E L(0h(~), the construct ion being absolute,  we have (ToI to .  7),<,, E 

L(0ht~)) and so ToIto.  a ~ L(0ht.O). 

The  propert ies  (1), (2), (3), (4) are p roved  just as in [3]. 

Let us now show that P2 satisfies the N~ chain condition.  

We  show as in [3] that  for  each n ~ to T* is a Souslin tree in M,. This is done  

by induction.  

Let T be T*.1 and B C ;,l~ be a code for the branch in T* such that M.+~ is 

L(A,B). (Recall that A = U . . . .  0~.) 

Let  C C T be a maximal  antichain. We have to show that C is countable  in 

M,÷,. Let  X be a countable  e lementary  substructure of  L,,~(A, B) such that A, B, 

C, T are in X. There  is a unique i somorphism ~- 

X 
~ r  

L~(ANa, BNa),  where a = N~ N X = zr(~,) < N,. 

We may suppose that h ( a ) =  a (since we may suppose that for  3' in ~1 n X, 

1~1~ t°.) also is in X) .  

It is then sufficient to prove,  as in [3], that 

L~(A n a ,  B n a ) c L ,  .... ~(Oh,~) 

but:  A N a = 0~ (since t o . a  = a ) ;  h(a)= a ;  B N a E L~ ..... (0a) (since by the 

construct ion of T, 7', r t o . a  + 1 is in L ,  ..... (0,,)); a is not countable  in La(0,,)  

and so/3 < r/,÷l.,~. So we are done,  and the existence of the sequence (T,, f,, r , )  is 

proved.  

DEFINITION III--1. We define the o rdered  set of condit ions P by: 
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q EP<--~q = ( s , p ) &  s E P, & p  E P 2 &  s(O)= r ( p )  

(where r ( p )  = {z , (p( i ) ) l i  ~ domp}) ,  

( s , p ) < = ( s ' , p ' ) o s  <= s' & p <=p'. 

PROPOSITION 1II--2. P satisfies the all chain condition. 

PROOF. We first show that if q = ( s , p ) ,  q ' = ( s ' , p ' )  and q , q ' E P  and 

r (p )  = z(p ' )  then q and q' are compatible  if and only if p and p' are compatible.  

Let pl<-_p, p'; we may suppose that ~ - ( p i ) = ¢ ( p ) U ¢ ( p ' ) ;  then ql=(s l ,p~)  

extends both q and q ' ,  where s~ is defined by: s~(0)= s (0 )=  s'(0) and s~(1)= 

s0)us'0). 
Suppose then that (q,, ),,<,,, is an antichain in P. Since for each a z(p,,) is a finite 

subset of to we may suppose that there is a finite subset x of to such that for all a 

r(p~) = s,, (0) = x ; but then for all a,/3 s, and s~ are compatible and so (/9,,) . . . .  is 

an antichain in P2 and this is impossible. 

PROPOSITION III -3 .  Let G be a M generic over P and g ={n E to l3q  = 

( s , p ) E  G, n E s (0 )=  o'(/9)}. Then M ( G )  = m ( g )  and M ( g )  satisfies: 

Va  < at,, O, ~ L ( g )  & 0(0~, a, g). 

PROOF. As in Propositions I I -3  and II--4. 

The following lemma is well known. 

LEMMA Ill--4. Let q~(x ) be a formula where x is a real. ~o is equivalent to a Ir ~ 

formula if and only if there is a rr f F formula d/such that: 

H.. 

(where H. ,  is the set of the hereditary countable sets). 

Z F  It is then enough to find a ~rt formula which satisfies the conditions of the 

theorem. 

Let us now modify - - j u s t  a little - -  the definition of the sequence (a,,, 0,,),,<¢ 

in Proposition I-1.  We had written: "a,, is the first real x such that L ( x ) =  

L(0~)"  but this is a E zv formula and it is too much. 

LEMMA III--5. There is a "Z zv formula H ( x , y , a )  such that: 

ZFFVy,  ct(y Cct & ct < N~(Y)---~ ::l!x H (x, y, a )) & 

Vx (H(x ,  y, a)---, L ( x )  = L ( y )  & x C to). 
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PROOF. H says: xo is the first real in the o rder  of L (y)  which codes a and f is 

an i somorph i sm f rom xo on to  a and Vn(n  ~ xz~--~f(n)E y)  and x = (Xo, XO. 

DEFINITION 11I-6. We  modify  Proposi t ion  I -1  by: " .  • • a~ is the unique real x 

such that  H(x,O~,to • ~ ) . . - . "  

It is clear  that  it does not modi fy  L "  and the proposi t ions  p roved  for  L " ,  since 

we have  only used the fact that L ( a . ) =  L(Oo). 

W e  now give the 7r z~ fo rmula  for  the theo rem,  q~ will be a fo rmula  ~ ~02 . 

DEFINITION. Let  ~ ( x )  be  the formula :  

x C to & Va <N,([Vy, z , t , u (O( z , a  + 1 ,x )  & 

O(y ,a ,x )  & H(t ,y ,  to .a) )  & 

V n E t o ( n E u ~ , t o . c t + n E z ) - - ~ u  = t * ]  & 

[a = U s - - ~  V y ( O ( y , a , x ) - - , ( V z  E y :1~ < a Vt (O( t ,~ ,x ) -~  z E t) 

& V ~ < e t V t ,  z(O(t, fl, x )  & z E t - - ~ z  E y)))]). 

LEMMA III-7. (1) ~o~ is a Ir zF formula. 

(2) M ( g )  satisfies: q~(g) & Vx(~0~(x)--~Vy Va  < l~(0(y,  ~, x)--~ y = 0~)). 

PROOF. (1) The  formulas  a < t~, 0 and H are 2zF, the formula  " u  = t " "  is 
Z F  

"/7" 1 . 

(2) The  p roof  is done  by induction and is clear  f rom the l emmas  before.  

DEFINITION. Let  ~02(x) be  the formula:  V a  < N~ V T  V f ( T  = rln~ T', I a + 1) 

where  T ' t a  + 1 is the tree cons t ruc ted  (in §III )  in L ( y )  with y such that 

O(y ,a ,x )  and f = ( f , ) , ~  where  the f,  are the associated funct ions ...,Zip @ T 

Vn E to(IP. I = a&P">=T', the n- th  e l emen t  of x&Vu(U<T..,p,+~ 

LEMMA I I I -8 .  (1) ~2 is a 7r z~ formula. 

(2) M ( g )  satisfies: ~2(g) & 3 !x (~ , ( x )  & ¢2(x)). 

PROOF. (1) The  proof  is the same as in [3]. It is enough to see that 

" T  = 1J ,~T ' ,~a  + 1" and " f  = ( f . ) , ~ "  are Ez~ formulas .  It is because  the 

const ruct ion is done  by a A zr induction in L,, ,(y) with the y such that 0(y, a ,  x). 

(2) R e m a r k  that  if ~,~(x) is t rue  then the sequence  (T ' , ) ,~ .  is exactly the good  

sequence  ( T . ) , ~  (because  of L e m m a  I I I -7) .  Now see the proof  in [3]. 
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LEMMA III--9. The formula ~ , (x ) :~ , (x )  

Theorem I. 

The proof  is now complete.  

& ~o2(x) satisfies the properties of 

IV. We now give a sketch of the proof  of the following theorem which gives a 

similar property for L '~ of the one given in [2] for L. 

THEOREM II. There is a 7r~ formula ~ (x )  such that if ZF"  is consistent then so 

is: Z F ' + G C H  + N ~ = ~ "  + 3 ! x ~ b ( x ) + 3 a C o o  ( a f L L "  & ~b(a) & 

V = L ' ( a ) ) .  

PROOF. Let M b e a  model of Z F + V = L " .  

We define in M, as in [2], a family (P,~),~<,,, of ordered sets of conditions and 

p = I..Jpo. The only difference with [2] is that Pa+, is constructed by forcing with 

the same set of conditions but over  L(0,,) instead of some L~ ; we may take the 

generic in L(0~+,). 

It is easily seen that for all a in N,, P~ is in L(0~). 

The following iemmas will establish the theorem. The  proofs are the same as 

in [2]; we only have to put L(0,~) instead of L~o. 

LEMMA IV-1.  (1) pn satisfies the 1~I, chain condition. 

(2) I f  a and b are P generic over M and a ~ b then (a, b) is p2 generic over M. 

(3) I f  a is P generic over M then a is P, generic over L(O~) for all a < ~I,. 

LEMMA IV-2. Let N be an extension of M;  the set A = {a Coo I a is P generic 

over L*} is 1r ~ in N. 

PROOF. The formula "x  ~ L " "  is E zF There  is a E zF formula which defines a 2 • 

welt ordering relation on L ' .  We conclude with the same argument  as in [2]. 

LEMMA IV-3.  Let g be a P generic over M. Then M (g ) satisfies ZF".  

PROOF. L e t x C 0 0 b e i n M ( g ) . S i n c e M s a t i s f i e s Z F + V = L ' t h e r e i s a i n N ,  

such that: x E L ( A  fq oo .a ,g )=  L (a , , g ) .  g is generic over  L ( a , )  (by Lemma 

I V - l )  and M ( g )  satisfies: a~  exists (it is a,+l); so it also satisfies (a~,, g)"  exists; 

and we conclude by Lemma I-4. 
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